aif (bix + (1 − bi)y) = 0 belongs to the class of linear functional equations. The solutions form a linear space with respect to the usual pointwise operations. According to the classical results of the theory they must be generalized polynomials. New investigations have been started a few years ago. They clarified that the existence of non-trivial solutions depends on the algebraic properties of some related families of parameters. The problem is to find the necessary and sufficient conditions for the existence of non-trivial solutions in terms of these kinds of properties. One of the earliest results is due to Z. Daróczy [1]. It can be considered as the solution of the problem in case of n = 2. We are going to take more steps forward by solving the problem in case of n = 3.
aif (bix + (1 − bi)y) = 0 belongs to the class of linear functional equations. The solutions form a linear space with respect to the usual pointwise operations. According to the classical results of the theory they must be generalized polynomials. New investigations have been started a few years ago. They clarified that the existence of non-trivial solutions depends on the algebraic properties of some related families of parameters. The problem is to find the necessary and sufficient conditions for the existence of non-trivial solutions in terms of these kinds of properties. One of the earliest results is due to Z. Daróczy [1] . It can be considered as the solution of the problem in case of n = 2. We are going to take more steps forward by solving the problem in case of n = 3. * G. Kiss was partially supported by the Hungarian National Foundation for Scientific Research, Grants No. K104178. † A. Varga was supported by the European Union co-financed by the European Social Fund.
The work was carried out as a part of the TÁMOP-4.1.1.C-12/1/KONV-2012-0012 project in the framework of the New Hungarian Development Plan. ‡ Corresponding author. § Cs. Vincze was partially supported by the European Union and the European Social
Introduction
Consider the functional equation
where I is a nonempty open real interval, 0 < b 0 < b 1 < . . . < b n < 1 and a 0 , a 1 , . . . , a n are given nonzero real numbers, such that ∑ n i=0 a i = 0 (it is natural because of the substitution x = y). The solutions form a linear space with respect to the usual pointwise operations. According to the classical results of the theory they must be generalized polynomials. New investigations have been started a few years ago. They clarified that the existence of nontrivial solutions depends on the algebraic properties of some related families of parameters. We present the basic results of the theory together with some sufficient and necessary conditions for the existence of non-trivial solutions in special cases. The starting point of the investigations is summarized in the following theorem.
Theorem 1.1 [4]. Let n 2 be a given natural number. The function f : I → R is a solution of equation (1) if and only if there exist symmetric k-additive functions
and for any k = 1, . . . , n − 1 
